The stress-strain fields realized in spherical indentation tests are highly heterogeneous, and present a significant challenge to the recovery of bulk stress-strain responses such as those measured in simple compression tests performed on samples with a uniform cross section in the gauge section. In this paper, we critically explore the correlations between indentation stressstrain curves and the simple compression stress-strain curves using the finite element model of indentation as a surrogate for the actual experiment. The central advantage of using a finite element model is that it allows us to critically explore the sensitivity of various assumptions or values of parameters or other choices made in the analyses protocols on the extracted results.
Introduction
Bulk mechanical properties of materials are typically measured under uniaxial loading conditions such as simple tension or simple compression [1] . However, testing methods for extracting the local properties from exceedingly small subvolumes of a sample are still in developmental stages [2] [3] [4] [5] . Knowledge of local mechanical responses is critical for the formulation and validation of physics-based multiscale materials models [6] [7] [8] . Since the number of distinct microscale constituents (i.e., local states capturing variations in local chemistry, structure, and process history) of interest in most advanced materials is extremely large, it is highly desirable to have high throughput protocols for characterizing the local mechanical responses in hierarchical material systems.
Recent developments in instrumented indentation techniques [9] [10] [11] [12] [13] [14] [15] [16] [17] have resulted in the ability to probe reliably and consistently the mechanical properties of materials at the microscale.
More specifically, it has been demonstrated that it is possible to extract suitably normalized indentation stress-strain (ISS) curves that display an initial linear elastic segment followed by a clear transition to a plastic response. Consequently, indentation methods have attracted considerable attention. However, relating these ISS curves to stress-strain responses measured in the conventional simple compression tests remains a significant challenge.
The central issues in the extraction of ISS curves and their correlation to simple compression stress-strain curves revolve around the definitions of the indentation stress and indentation strain measures and their correspondence with stress and strain measures used in simple compression tests. Indentation stress and strain definitions generally stem from Hertz's theory [18] for frictionless contact between two isotropic elastic solids with spherical surfaces, which may be described as 
where is the contact radius at the indentation load, and ℎ is the elastic penetration depth. and denotes the effective radius and the effective modulus of the indenter and the specimen system. In order to convert the measured load-displacement data into ISS curve, one may define the indentation stress and indentation strain such that Hertz's theory, Eq. (1), transforms into a linear relationship as
Eq. (2) has prompted many researchers to adopt some variant of / as a measure of indentation strain for the more general case of elastic-plastic indentation. In this regard, it is important to note that Eq. (2) is strictly valid only for elastic indentations. As a specific example, a majority of the studies in the literature [10, [19] [20] [21] [22] have employed the definition of indentation strain as / for elastic-plastic indentation. This definition of indentation strain as / lacks any physical interpretation as a measure of strain. This is because strain should be fundamentally interpreted as a ratio of the change in length over the initial length of a selected line segment in region of interest in the sample.
Over the past decade, various studies [23] [24] [25] [26] [27] [28] have adopted the indentation stress and strain measures described above to extract ISS curves and correlate them to the uniaxial stress-strain (USS) responses. One of the earliest studies aimed at correlating spherical indentation responses to the uniaxial tests is attributed to Tabor [29] . Tabor assumes that the mean contact pressure (load divided by the projected area of the residual impression; consistent with in Eq. (2)) is proportional to the "representative" flow stress of the deforming material and the corresponding "representative" strain is proportional to / (variant of the in Eq. (2)). Tabor was able to empirically correlate experimentally measured values of indentation flow stresses and strains on annealed copper and mild steel with a range of spherical indenter tip radii to the stress-strain measurements in uniaxial stress conditions on the same metals. Specifically, Tabor demonstrated that the mean contact pressure (P m ) scaled by a factor of 2.8 when plotted against 0.2 / produces an excellent match with the simple compression stress-strain curves. [29] . The factor of 2.8 is defined as the "constraint" factor to capture the effect of the higher hydrostatic stress inherent to the indentation test. As mentioned earlier, and despite the remarkable agreement seen in Tabor's experiment, the definition of the indentation strain based on / holds no known physical significance. It is also important to note that in Tabor's approach, contact radius is estimated by measuring the residual impression on the unloaded sample. This definition is inconsistent with the definition used in Hertz's theory [18] , which is based on the contact radius in the loaded configuration. Tabor's original approach is also very effort consuming as each indentation test produces only one data point in the plastic regime of the ISS curve.
The classical experiments of Tabor have stimulated numerous theoretical studies aimed at correlating the elastic-plastic stress-strain responses in indentation and simple compression. The theoretical treatment for the perfectly-plastic deformation imposed by a rigid frictionless indenter was explored by Ishlinsky [30] and later by Hill [31] using slip-line field approach assuming plane strain deformation (note that the real deformation mode in indentation is far from this assumption). Ishlinsky [30] performed slip-line field analysis of a spherical contact and reported that the contact pressure for a perfectly plastic contact (no hardening) is between 2.61 and 2.84.
Subsequently, Hill [31] applied the slip-line field theory to the rigid plastic deformation of a flat sample with a wedge indenter, produces the widely cited result that the average pressure under the (wedge) indenter being approximately three times the flow stress in a uniaxial test. It should be noted that the imposed plane-strain boundary conditions in these theoretical approaches naturally yields an upper bound in determining the constraints factor [32] .
An alternative approach to the analysis of an elastic-plastic indentation was suggested by
Bishop et al. [33] , and was further developed extensively by Johnson [34] . The spherical cavity model proposed by Johnson assumes that the surface of the indenter in contact is encased in a hemi-spherical core that essentially comprises both the rigid indenter and the surrounding material. The core is assumed to be in a hydrostatic stress state (i.e., the core acts as an inflating spherical cavity). Outside the core, it is assumed that the stress and displacement are radially symmetric, same as in an infinite elastic perfectly-plastic body containing a spherical cavity under pressure. The stress and displacement fields are computed invoking two conditions at the interface between the core and the elastic-plastic zone [35] : (i) the hydrostatic pressure in the core must be equal the radial component of stress in the external zone, and (ii) neglecting the compressibility in the core, the displacement of points lying on the interface during penetration must accommodate the volume of material displaced by the indenter. The spherical cavity model of indentation predicts that the mean pressure at initial yield (deviation from Hertz theory) is 1.1 times the uniaxial flow stress, and at the fully plastic state, it would reach around 3.0 times the uniaxial flow stress. Although the spherical cavity model allows imposing large plastic deformation on the sample, it neglects the upheaval or "pile-up" behavior of the material around an indenter. Also, the model assumes uniform expansion of the material around the core as in the case of spherical pressurized void in an infinite elastic-plastic space. These assumptions severely limit the utility of this approach.
In practice, it is very difficult to compute theoretically the contact stresses in an elasticplastic indentation, because the shape and the size of the elastic-plastic boundary cannot be captured adequately in idealized simple geometries. This has led to the development of various numerical methods to the indentation simulation problem. One of the first numerical models for spherical indentation was established by Hill [25] In an effort to extend the applicability of Hill's model [31] while capturing the complex heterogeneous deformation field under the indenter, several recent studies have resorted to finite element models [27, 28, 36, 37] . A majority of these studies report a value of around 3.0 for the constraint factor for an elastic-perfectly plastic response. However, the ISS curves produced by these models show unusually large elastic-plastic transitions with high levels of apparent strain hardening (note that the materials constitutive behavior was assumed to be elastic-perfectly plastic in these models). In a recent study Donohue et al. [38] pointed out that these abnormal features of the ISS curves arise because of the use of specific definitions of the contact radius and the indentation strain measures that are completely inconsistent with Hertz's theory. In this regard, it is important to specifically note that the modern indenters are capable of providing continuous estimates of the contact radius throughout the entire elastic-plastic loading segment (recall that Tabor had to fully unload a sample to measure the contact radius from the residual indentation). This is typically accomplished using the continuous stiffness measurements [9, 11, [14] [15] [16] 39] together with some variant of the Hertz's theory (Eq. (1)). In light of these recent advances in instrumentation, it is imperative that all parameters (e.g., contact radius, indentation strain measure) utilized in the conversion of the load-displacement curves into ISS curves are fully consistent with Hertz's theory.
A number of other approaches in literature for the recovery of the USS response from the indentation experiments have employed inverse solution methodologies. These approaches utilize sophisticated optimization strategies to minimize a suitably defined difference (i.e., error metric) between the measured load-displacement curve and the corresponding prediction from the finite element simulation by adjusting the material's constitutive law defined usually as its USS response [40] [41] [42] [43] [44] [45] . The central deficiency of this approach stems from the fact that the entire elastic-plastic transition occurs over a very short regime in the load-displacement curve. Since it is very difficult to pinpoint this regime exactly in the measured load-displacement curve, it is very difficult to extract reliable properties consistently with such inverse solution methodologies.
Indeed, transforming load-displacement curve to ISS curves addresses this problem and provides a much improved opportunity for extracting reliable uniaxial stress-strain curves.
Indentation techniques have also been employed to characterize the slip system level mechanical properties at the scale of individual grains [46] in a polycrystalline sample. Once again finite element simulations employing suitable physics-based constitutive models were developed and employed in these studies to capture the heterogeneous deformation behavior [47] and extract the relevant properties of interest by matching the overall load-displacement predictions from the model with the corresponding experimental measurements. Examples of these efforts have included the extraction of single crystal elastic stiffness parameters [48] , initial slip-hardening rate [49] , and average slip resistance values [50, 51] . These investigations were mainly focused on capturing the orientation dependence of single crystal anisotropic properties using indentation techniques [52, 53] . However, it is important to establish the correlation between the uniaxial response and the indentation response for the simpler case of isotropic elastic-plastic material behavior before considering the more complex anisotropic case.
In this paper, we restrict our attention to materials exhibiting isotropic elastic-plastic response and demonstrate that the ISS curves extracted using the recently developed spherical indentation protocols [12, 13, 17, 38] can be directly correlated to the USS response via simple scaling factors. These scaling factors are established and validated in this study using a twodimensional finite element model for a class of isotropic elastic-plastic materials obeying the J 2 flow theories [54] with linear or saturation type hardening laws. The similarities and differences between these scaling factors and the ones originally used by Tabor are discussed in detail.
FE simulation of spherical indentation
As noted earlier, we will employ a finite element (FE) model of spherical indentation as a surrogate for the experiment in exploring the correlations between ISS and USS responses. For this purpose, we have utilized the commercial finite element code ABAQUS [55] . The FE model developed for this study is shown in Figure 1a , and is comprised of two axisymmetric twodimensional isotropic bodies: (i) an elastic-plastic deformable sample with an initially flat surface, and (ii) a rigid hemi-spherical indenter. Four-noded, bilinear, two-dimensional axisymmetric continuum elements (CAX4 in ABAQUS) are used to model the sample in this study. The size of the sample mesh was selected as 20μm x 20μm to ensure that it is much larger than the primary indentation zone. The top surface of the indenter is constrained to remain planar, and is allowed to move only normal to the indentation surface. The sample is constrained from moving in the x-direction along the axis of symmetry and along y-direction (indentation direction) at the bottom surface. The sample is discretized into five regions (as shown in Fig. 1a.) to achieve highest mesh density in the primary indentation zone (region in the sample with the highest localized deformation).
In the simulations, a vertical displacement boundary condition (along y-direction) is imposed on the node at the center of the indenter which is tied rigidly to entire surface of the indenter.
Surface-to-surface contact definition is used to avoid any concentrated force buildup at individual nodes at initial point of contact. Detachment of the two surfaces is allowed to simulate loading-unloading response. The FE model is first validated for purely elastic indentations by comparing the predicted load-displacement curve to predictions from Hertz's theory (Eq. (1)). The load-displacement history extracted from the FE model in multiple elastic-plastic loading-unloading cycles [38] are then used to extract elastic-plastic ISS curves comparable to those extracted from experiments [12, 13] . For this purpose, we have adopted the following definitions of indentation stress and indentation strain [56] :
Note that Eq. (3) is essentially a rearrangement of Hertz's theory expressed in Eq. (1). This particular rearrangement suggests the use of the ratio ℎ / as the definition of indentation strain.
The pre-multiplier, 4/3 in the definition of indentation strain was justified by noting that 2.4
corresponds to the depth of the indentation zone [38] . This definition of indentation strain allows interpretation of strain measure in the classical sense as the change in length per unit length by idealizing the deformation under indenter as being equivalent to compressing by ℎ (total average indentation depth) a cylindrical sample of radius and height 2.4 .
The protocols needed to extract ISS curves from the FE model have been described previously by Donohue et al. [38] . A central feature of these protocols is that contact radius is estimated from a partial unloading segment which is purely elastic and follows Hertz's theory.
Since each unload leads to an estimation of one value of contact radius (in much the same way
Tabor did in his experiments), it becomes necessary to conduct a very large number of loadunload steps (as shown in Figure 2 ) in the FE simulation to determine accurately the evolution of the effective radius and the residual depth in the sample.
Extracting Scaling Relationship between ISS and USS Response
This work is aimed at developing robust protocols for recovering the USS curves from the ISS curves. As discussed earlier, this requires the estimation of suitable scaling factors between uniaxial and indentation stresses as well as between uniaxial and indentation strains.
Furthermore, we focus on our attention in this study to isotropic elastic-plastic materials, where the plastic response is described by the J 2 flow theory [54] .
Our strategy for addressing this challenge involves two steps. In the first step, we focus on the scaling factor between uniaxial and the indentation stress through a consideration of the elastic-perfectly plastic indentation response. Because there is no hardening in this case, we expect the ISS curves to plateau at large strains. As a result, we should be able to extract a simple ratio between the plateau stresses in USS and ISS curves.
In the second step, we focus on the scaling factors for uniaxial and indentation strains. In fact, as soon as we establish a scaling factor for the stress (described in the first step above), the scaling factor for the elastic indentation strain can be extracted by matching the ISS curve obtained using Hertz's theory (Eq. 3) with the corresponding USS curve (note that for elasticity both these curves are linear). Therefore, we only need to focus on the scaling factor for indentation plastic strain. This can be established from a consideration of indentation response of materials exhibiting linear hardening.
Our central hypothesis is that the scaling factors established using the protocols described above are not strongly affected by the actual hardening behavior exhibited by the sample material. We critically evaluate our hypothesis by applying the same scaling factors to a sample material exhibiting a completely different hardening response, namely the saturation-type hardening laws. The calibration and validation of these scaling factors are described next. Table 1 summarizes the material properties used in this study for the elastic-perfectly plastic sample. These cover the typical range of properties exhibited by advanced metals of interest to structural applications. The corresponding ISS curves are generated from the finite element model following the protocols described above (cf. [38] ).
Scaling Factor for Indentation Stress
These ISS curves obtained using the FE model and elastic-perfectly plastic material response are shown in Figure 3 , and show three clearly distinguishable regimes: (i) an initial elastic regime where the indentation stress evolves linearly with the indentation strain, (ii) an elasticplastic transition regime that exhibits apparent strain hardening (recall that there is no real hardening of the material in the elastic-perfectly plastic constitutive description) attributed to the transformation of the indentation zone from being dominated by elasticity to one dominated by plasticity, and (iii) a post-yield regime exhibiting the expected perfectly plastic response.
Based on the linear elastic solution for stress fields beneath the spherical indenter, initiation of plastic flow following the von-Mises criterion is predicted at an indentation stress of 1.07σ y [35] . However, it is important to note that the deviation from elasticity on the ISS happens after a substantial amount of plastic deformation has been realized by the sample as seen in Figure 4 .
The elastic-plastic transition is marked by the fact that the stress fields in the indentation zone have to change from those dominated by elasticity in the first regime to those dominated by plasticity in the final regime. More specifically, the plastic zone underneath the indenter is initially fully surrounded by elastically deforming material. This initial plasticity is therefore heavily constrained until the plastic zone has grown to reach the sample surface (see Figure 4) .
At that point, plasticity occurs relatively easily and this marks the onset of the third regime of a perfectly plastic response in the ISS curves seen in Figs. 3 and 4 . In particular, this transition is most clearly seen through the contour plots of equivalent plastic strain (PEEQ) fields at selected points on the ISS curve in Fig. 4 . This elastic-plastic transition poses a significant challenge in our efforts to establish a useful correlation between ISS curves and the USS curves.
It should be noted that the ISS curves in Figure 3 exhibit some degree of roughness. This, in our opinion, is a consequence of the many numerical computations involved both in the FE simulations (i.e., mesh design, mesh discretization) and the estimation of the contact radius from the analyses of the unloading segments. Our many trials in these simulations have indicated that these numerical oscillations can be alleviated by increasing the mesh density inside the constantly evolving primary indentation zone. However, this improvement is relatively small (and mostly inconsequential for the present study) and incurs a prohibitively high computational cost.
As mentioned earlier, the ability to extract meaningful ISS curves is critical to our goals of extracting a reliable scaling factor between the uniaxial and indentation stresses. This scaling factor is simply the ratio of the indentation stress and the uniaxial stress in the plateau regions of these stress-strain curves. Based on the ISS curves shown in Figure 3 , this ratio was observed to be 2.2. The correspondence between the scaled ISS curve and the USS curve for the soft material is shown in Figure 5 (a similar correspondence was observed for the stiff material as well). In Figure 5 , the indentation strain was scaled by 2.0, which is established simply using Hertz's theory (i.e., matching Eqs. (1) and (3)). In other words, this scaling factor ensures that the elastic portions of the scaled ISS and USS curves would match. However, as mentioned earlier, the plastic strain in the indentation and the uniaxial tests are unlikely to be related by the same factor as the corresponding elastic strains; this will be explored in detail in later case studies that invoke strain hardening.
The stress scaling factor (also called constraint factor) of 2.2 is indeed significantly lower than the previously reported numbers (e.g., the factor of 2.8 reported by Tabor [57] and Hill [25, 31, 54] ). The difference is directly attributed to the differences in the definition of the contact radius used in the extraction of the ISS curves. More specifically, the contact radius used in prior studies was either based on the residual indentation left after complete unloading or is defined based on geometrical relationship between the indenter and the sample. In a recent paper [38] , we have demonstrated these choices have a significant effect on the estimated values of the contact radius and the subsequent computation of the indentation stress. In the same paper, we have demonstrated that the protocol used in this work provides the most meaningful ISS curves.
As noted earlier, the elastic-plastic transition in the ISS curve is significant in extent and poses a significant challenge in our efforts to correlate the ISS and USS curves. We will revisit this issue later.
Scaling Factor for Indentation Plastic Strain
As noted earlier, it is necessary to examine the ISS curves for materials exhibiting hardening to extract a scaling relationship between the indentation plastic strain and the uniaxial plastic strain. For this purpose, FE indentation simulations were performed for the soft material (see Table 1 ) with different levels of constant strain hardening rates, h o . In other words, the uniaxial stress-strain behavior of the sample in these simulations is defined to be bi-linear: the first linear segment reflects the purely elastic behavior, and the second linear segment with a slope of h o reflects a regime of constant strain hardening rate. This bilinear stress-strain description (in the uniaxial stress mode) is provided as input to the FE indentation simulations. The corresponding ISS curves obtained using the protocols described earlier are shown in Figure 6 .
It is seen that the ISS curves in the plastic regime exhibit a linear hardening response, except for some oscillations that are fairly characteristic of the numerical instabilities involved in these simulations (as discussed earlier). The fact that the ISS curves reflect a linear hardening response lends additional support to the validity of the analyses protocols described and employed in this work.
The results presented in Figure 6 also suggest that it should be possible to establish a simple scaling factor between the indentation plastic strain and the uniaxial plastic strain. There is, however, no reason to expect that this scaling factor would be the same as the one introduced earlier for the elastic strain. The following set of equations is formulated to describe this equivalence:
In Eqs. (4) and (5), denotes the equivalent simple compression strain corresponding to and the superscripts and refer to the elastic and plastic components, respectively. The value of the scaling factor was established as ~1.3 by matching the ISS and USS curves for all the FE simulations conducted in this work imposing linear hardening. It is noted here that the scaling factor established in this study is also the same as the scaling factor for the ratio between the hardening rates in ISS and USS responses reported previously by Donohue et al. [38] and confirmed once again in this study. The corresponding scaled ISS curves are compared with the USS curves in Figure 7 . It is seen that there is excellent agreement between these curves, except in the elastic-plastic transition regime. As noted earlier, it is very difficult to make a correspondence in this transition regime and we shall revisit this issue later in this paper.
Validation of the Scaling Relationships between ISS and USS Curves
As a critical evaluation of the protocols established in the previous section, we examine a material constitutive behavior where the plastic response is described by power-law hardening described as
where and are the strength coefficient and the strain hardening exponent. For the present case study, we choose two distinct sets of material parameters with different strength coefficients and strain hardening exponents to describe the uniaxial stress-strain behavior of the sample. The material parameters selected are the ones reported for Tantalum ( = 0.5 and = 562 MPa) and Aluminum ( = 0.2 and = 180 MPa) [58] . These power-law descriptions were provided as input to the FE indentation simulations.
The ISS and USS curves for the selected materials are compared in Figure 8 . It is seen that scaling protocols described earlier are highly applicable to the both high and low hardening behaviors. This result is significant as the scaling factors were extracted from two very simple hardening laws: (i) perfectly plastic (non-hardening), and (ii) linear hardening, and are observed to provide excellent correspondence in the case of the much more complex saturation-type hardening law used in the validation example. Indeed, the excellent agreement between the scaled ISS and the USS responses, using the scaling factors from the simpler hardening laws, attest clearly to their general applicability to a range of materials behaviors of interest in actual practice.
Indentation Yield Strength and Correlation to Uniaxial Yield Strength
As clearly evident from the case studies presented so far, reliable identification of the indentation yield strength is severely compromised by the unavoidable elastic-plastic transition in the indentation test method. Of course, this challenge has long been recognized in prior literature. As a prime example, Herbert et al. [21] explored several alternatives and could not arrive at any conclusive correlation between the uniaxial yield strength and the indentation yield value. Instead, they simply reported a lower limit and an upper limit based on the theoretical Tresca yield criterion (1.07 ) and Tabor's finding (~2.8 ), respectively.
A common and standard approach in defining a yield point is to employ an offset strain.
Indeed, a tensile or compressive yield strength is often defined as 0.2% offset yield strength [1] .
Close inspection of Figure 3 for the soft and stiff material clearly shows that a fairly large offset is needed if one were to define the indentation yield strength on the plateau region of the ISS curve. However, at the same time, the ISS curves in Figure 6 indicate that the value extracted using a high offset is likely to be strongly influenced by the hardening behavior of the material.
So, the practical way forward is some form of a compromise on the offset value.
In order to establish a practically useful offset value of the indentation yield strength, we plotted the offset value indentation stress normalized by the 0.2% offset uniaxial yield strength for different values of the offset in the ISS curves for the FE simulations performed on the soft material in Figure 9 . Based on this plot, it is clear that this ratio exhibits a plateau (more or less constant value) in the range of 0.1%-0.2% offset in the indentation strain. Hence, any offset higher or lower than the range of 0.1%-0.2% offset will result in loss of accuracy in determining the indentation yield strength. Based on the scaling factors we established earlier between the indentation plastic strain and the uniaxial plastic strain, a 0.2% strain offset for the uniaxial test corresponds approximately to 0.15% offset indentation strain, which falls right in the middle of the plateau seen in the plot in Figure 9 . As shown in this figure, the 0.15% strain offset indentation yield consistently predicts the uniaxial yield strength for a range of hardening behavior, which includes the non-hardening, varying hardening rates, and power law hardening behavior as shown in Figure 9 . In other words, this particular offset results in robust estimation of the 0.2% offset yield strength extracted from the USS curves. With this definition, the scaling factor for the 0.2% offset yield strength typically recovered from uniaxial stress-strain responses will be 2.0 (see Figure 9 ). In other words, this would be the constraint factor for the 0.15% offset definition of the indentation yield point.
Conclusion
We have addressed the longstanding problem of recovering uniaxial mechanical response from instrumented indentation experiments, with the central challenge being the lack of validated protocols for converting indentation stress and strain values to equivalent values in uniaxial stress states such as simple compression. This study has developed new protocols to address this critical gap for materials exhibiting isotropic plasticity. The protocols presented in this study were validated using FE models of indentation with a broad range of isotropic elastic-plastic responses. Furthermore, the protocols developed involve very simple scaling relationships that are very easy to implement. The overall approach presented in this work has laid a foundation on which one can build an extension for the case of anisotropic plasticity (e.g., crystal plasticity) in the future. Table 1 ) exhibiting elastic perfectly-plastic response. Figure 6 . Indentation stress-strain curves for soft material (see Table 1 ) depicting linearhardening behavior for different hardening rates. Figure 7 . USS curve vs. scaled ISS curve for soft material (see Table 1 ) with different linear strain hardening rates. 
